Neural Networks

Adopted from slides by Alexander lhler and Andrew Ng



Linear classifiers (perceptrons)

Linear Classifiers
 a linear classifier is a mapping which partitions feature space using a linear

function (a straight line, or a hyperplane)
« separates the two classes using a straight line in feature space
* in 2 dimensions the decision boundary is a straight line

Linearly separable data Linearly non-separable data

Feature 2, X,
Feature 2, X,

Decision boundary

Feature 1, X,

Feature 1, X
> (c) Alexander Ihler



Perceptron Classifier (2 features)

Classifier f(x; 0) — T
Xt —2 7 N—

“linear response”
T
r=0,x,+0,x,+0, =T ®) __’f(ll?, 9) -1, +1}

1 9/’ Threshold output or, {0, 1}

0 i i .
Qvelghted sum of the inputs Function / — class decision
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1D example: Tr)y=-1if r <0

Tr)=+11if r>20
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Decision boundary = “x such that T( w, x + w, ) transitions”



Non-linear classifiers

oo o000 @ ®
—

Not linearly separable

* How to obtain non-linear classifiers?

* Kernel SVM: use feature function @(x) to transform original features
to new features (with higher dimensions)



Features and perceptrons

» Recall the role of features
* We can create extra features that allow more complex decision

- ®

boundaries
* Linear classifiers
* Features [1,x] e o 060 0 o o
* Decision rule: T(ax+b) = ax+b>/<0 —

« Boundary ax+b =0 => point
Features [1,x,x?]

 Decision rule T(ax?+bx+c)

« Boundary ax2+bx+c=0 =7

What features can produce this decision rule?

i




Features and perceptrons

 Recall the role of features

« We can create extra features that allow more complex decision
boundaries

» For example, polynomial features
D(x) = [1 x x? x3 ...]

 What other kinds of features could we choose?
» Step functions?

Linear function of features
aFl1+bF2+cF3+d

F1

Ex: F1-F2+F3

F2

F3




Multi-layer perceptron model

« Step functions are just perceptrons!
» “Features” are outputs of a perceptron
« Combination of features output of another

> -4 | W, Linear function of features:
aFl+bF2+cF3+d
X Out
W

Z'#J_ — Z_#_I— Ex: F1—F2+F3

1 \Wn‘ F3 y'
W3 2 'JF “Output layer”
“Hidden layer”

1 —_ 2 —
W W W, W, W,




Multi-layer perceptron model

« Step functions are just perceptrons!
» “Features” are outputs of a perceptron

« Combination of features output of another Regression version:

Remove activation
function from output

Wi Z __4/ W, Linear function of features:
Wi aFl+bF2+cF3+d
X Out
Z _4/ W > Z __V Ex: F1-F2+F3

1 \Wsl‘ 7 y J\f—

Wi 2 'J/— “Output layer”
“Hidden layer”
Wio Wi

Wl = W2 = w, w, w,

W3 W3

(c) Alexander Ihler



Neural networks

 Another term for MLPs
* Biological motivation

* Neurons
« “Simple” cells |
» Dendrites sense charge \
. . - Basic Neuron Design
i Ce” WelghS |npUtS E ‘\; Dendrites
* “Fires” axon oot S | A
Body ~_ Hillock
W, 7NN

o
i
-

-W’2-> Z 'V— Axon \ | -. \‘&‘

@2001 HowStuf fWorks

V Node of N/ §
(c) Alexanderhler 4y w stuff works: the brain”



Representation



Features of MLPs
« Simple building blocks

« Each element is just a perceptron f'n

« Can build upwards

Perceptron:
Step function /
Linear partition

Input
Features



Features of MLPs
Simple building blocks

« Each element is just a perceptron f'n

Can build upwards

2-layer:
“Features” are now partitions
All linear combinations of those partitions

Input  Layer1
Features




Features of MLPs
« Simple building blocks

« Each element is just a perceptron f'n
« Can build upwards

()

3-layer:
“Features” are now complex functions
Output any linear combination of those

Input Layer1  Layer2
Features I




Features of MLPs
« Simple building blocks

« Each element is just a perceptron f'n

« Can build upwards

()
Current research:
“Deep” architectures
(many layers)
N

Input Layer1 Layer2 Layer3
Features I tt




Features of MLPs
« Simple building blocks

« Each element is just a perceptron f'n
« Can build upwards

()

N>

Input Layer1 Layer2 Layer3
Features I tt




Features of MLPs
« Simple building blocks

« Each element is just a perceptron function

« Can build upwards

 Flexible function approximation
* Approximate arbitrary functions with enough hidden nodes

Vo = Wo

V1 = Wi + Wo

Input
Features




Activation functions

r/

\

| Oo
Logistic o(2) = 5 - exlp(_z) — 5, (7)) = 0(z)(1 —o(z))

Hyperbolic 1 —exp(—2z)

do
o(z) =
Tangent 1 + exp(—22) J

Z(2) =1 (o(2))°

O

Gaussian 0(z) = exp(—2z7/2) Z_Z(Z) = —20(2)
RelLU o(z) = max(0, z) o
(rectified linear) 5, 7)) =1z >0

Linear o(z) =z and many others...

(c) Alexander Ihler



Feed-forward networks

* Information flows left-to-right
 |Input observed features

« Compute hidden nodes (parallel)
« Compute next layer...

» Alternative: recurrent NNs...

Information



Feed-forward networks

A note on multiple outputs:

*Regression:
* Predict multi-dimensional y
» “Shared” representation
= fewer parameters

Classification
 Predict binary vector
» Multi-class classification
y=2=[0010...]
» Multiple, joint binary predictions
(image tagging, etc.)

» Often trained as regression (MSE),
with saturating activation Information



Multiclass classification

* E.g., Recognizing pedestrian, car, motorbike or truck

. softmax
* Output a vector of four variables et
. . eaestrain
e 1is0/1 pedestrian Car
e 21is 0/1 car Motorcycle

Truck

e

* 3is 0/1 motorcycle
e 4is0/1 truck

* Training set here is images of our four classes

1 0 0 0
y'" one of [H] [é] 11, 0
0 0 0 1




Softmax and Cross Entropy Loss

* Cross Entropy Loss
[=— z y® . Jog §O
i

where | |
9 = softmax(zV)




Notations

_ 1 1 1
e hy = O'(Wl,lxl + wjiox; + W1,3X3)

—_ 1 1 1
* h2 = 0(W2,1x1 + W2,2x2 + W2,3X3)

* 1 = softmax(Wi,hy + wi hy + wishs + wihy + wishs)

c t=Wlx, h=oa(t)
« s=W?23h, ¥ = softmax(s)

1 1

Wii1 = W13

e Wlt=|
1 1

Wgq1 v Wg3




Forward Propagation

cT=X-(WYHT, H=o(T)
e S=H -W?»T, Y = softmax(S)




Neural networks

e i w?2 i WL—1hL_1 Wi y
No ny n; np—q np
Forward propagation
zt=WwWlx hl = o(z1)
z% =W?2h! h? = a(z?)

ZL=1 — yL-1pL-2

L — LpL-1

Rl = g(zl~1)

y=a(z")

Wii 0 Wing,

Wnioio 0 Wigngy

Overall, we can denote y = hy,(x)



Neural Networks: Backpropagation



Fvaluation — Loss Functions



Neural networks

e i w?2 i WL—1hL_1 Wi y
No ny n; np—q np
Forward propagation
zt=WwWlx hl = o(z1)
z% =W?2h! h? = a(z?)

ZL=1 — yL-1pL-2

L — LpL-1

Rl = g(zl~1)

y=a(z")

Wii 0 Wing,

Wnioio 0 Wigngy

Overall, we can denote y = hy,(x)



Loss Functions

e Similar to other machine learning models

* For continuous target, use MSE

Jw) = E(y(l) (i))2
- —Z(y@ ~ hy (x®))’

* For discrete target, use cross entropy loss



Loss function (single output node)

. Regularizedmlogistic regression: ;4. oy

n
A
J(8) = ——z Dloghe(xW) + (1 —y®)log (1 — hg(x(l)) _mz

* Neural network with cross entropy loss:

YO == (5o () 4 (1) (1= () )+ 2y > (vhe)




Cross Entropy Loss (multiple output nodes)

Jw) = )
1 nl nj—1 >
_—z y®. logsoftmax W(x(l)) Z Z( l i)
=1 j=1 i=1
np=3 n; =3 n,=3
k=1
k=2



Loss function (multiple output nodes)

o Jw) =
;2 z ( (0 log hw(x(i))k + ( y,gl)) log( W(x(‘)) ))
Alszk=ﬁl - ,
% ( jl,i) ng=3 ny=3 n, = 3
[=1 j=1i=1 k=1
k=2



Loss function »
yl

Jw) = —Z £O/O, by () + 5 RW)
\ ~ e

empirical loss regularizer




Optimization — Backpropagation



Optimization - gradient descent

Initialize W
Do {
WeW —aV](W)
} while (stop condition)

aJj(W)

l
awj’i

* Different from logistic regression (or SVM), where all parameters are
equivalent in terms of positions in the loss function, parameters in

neural network are different due to their locations in the network
structure.

* Compute



Gradient calculations

W) = Zﬁ(y@ i (0)) + 5 RW)

0L(y,y)

aw]l

* Compute where y = hy,(x)



Gradient calculations

* Think of NNs as “schematics” made of smaller functions
* Building blocks: summations & nonlinearities
* For derivatives, just apply the chain rule, etc!

Hidden Layer

O
Inputs A Outputs
o\
\‘/

™ g(..)
/\£ (g 1) }—» T
/

h(...)

</
4\



Gradient calculations

e Chain rule:
o If F(x) = f(g(x)), then F'(x) = f’(g(x))g’(x)
* Alternative form, if z depends on y, and y depends on x, then dz _ dz dy
dx dy dx

o] 0J of

dg  Of dg

g(...) .
\‘[ F(g.1) }—» 70
h(...) e 9.

0J 0J 0f oF
oh  Of Oh

oJ 9J aJ oJ
dg a of 29() h() oh of -9°(")  save & reuse info (g,h) from forward computation!




Backpropagation

X hl h? hi-1 %
wl ' W2 wl-1 wl
/
Ny nq n; ng_1 n
Forward propagation
1yt 1 _ 1 ] ]
VA W-*x h o(z") Wii o Wing,
1 _ - . .
72 = W2h! h? = g(z2) w: = l 3 l :
Wt 0 Wnyngy
=1 — yLl-1pL-2 pL-1 — O.(ZL—l)

SL — Lpl-1 9 = o(zb) J=L(y,3) OFzﬁ(Yk:?k)
k



zt=Wlx hl = a(z)
. z% = W?2hl h? = o(z?)
Backpropagation
Zh=1 = Wl-1pl=2 pl-1 = 5(zL-1)

a/ zl = wktpt-1 9 = o(z%)

L
awk,j

] =) LOw i)
k

]

awjll




zh =W« hl = a(z1)
. z2 =W?2hp1 h? = o(z2)
Backpropagation .

ZL=1 — yl-1pl-2 pLl-1 _ O'(ZL_l)

a] = oL aj}k aZIl{J — hL—l zt =W"tht! 5; = O'(ZL)
owy; 09k 0Ozk Owf,; j

J=L(y,P) OI‘Z LYk Ji)
X

0] N\ OL 99 Oz OhT 9z
owji ay L 0hFTl 9zFt owlit




Backpropagation

pifl=1
a] _ ,34 . h;—l .
ale,i J L
( Li(v;,9;) - o' () it =1L

,B; — Ni+1
J (2 ,BIlc+1 . W,l{j-l) . a'(zjl) otherwise
\ Vk=1



Backpropagation

Xifl=1

Vi = (ﬁl)T hl_l/

L'y, xa'(z")  ifl=L
L. W) x g'(2!) otherwise

,Blz(



Forward and back propagation

* x = h° Bt =L'(y,y) x0'(z")
o 7l —l. pl-1 o :Bl — (IBZ+1 . Wl+1) " O',(Zl)
o hl — l _

h —O-(Z) .le]:(ﬁl)T°hl 1
*y=0(z"), LO.I)

X Bl 2 pL-1 9
Wlm W2 wk-1 wk
_/



Training a neural network

Randomly initialize weights to small values
Implement forward propagation to get h,, (x(")) for any x®

ement code to compute loss function J(w)

: . G,
Implement backprop to compute partial derivatives ]z

Wi

I A
3
T

fori=1:m
Perform forward propagation and backpropagation
using example (x®,y®)



Training a neural network

I
aw},i
backpropagation vs. using numerical estimate of gradient of J(w)
* Then disable gradient checking code

5. Use gradient checking to compare computed using

6. Use gradient descent or advanced optimization method with
backpropagation to try to minimize J(w)



Training a neural network

* Pick a network architecture

3

I'.I.

* No. of input nodes: dimension of features x
* No. of output nodes: number of classes

* Reasonable default: 1 hidden layer, or if >1 hidden layer, have same
no. of hidden nodes in every layer (usually the more the better)



Automatic Differentiation

* In deep learning packages like TensorFlow and PyTorch,
backpropagation is not implemented by hand.

* Users only need to define the layers and loss function and backpropagation
will be implemented automatically.

* Autograd is the name of the PyTorch autodiff package

e Autograd is not gradApprox.
e Autograd is not symbolic differentiation either.
* Autograd is a procedure for computing derivatives.



Autograd

* Consider a neural network with 0 hidden layer and sigmoid function

Forward propagation

Z=wx+b
y =0(z)

L=(y -1ty

Backpropagation Backpropagation

oL . L=1

ay ° y=L-(y—1t)
dL JdL 0 L 7 =y-0

_oL oy oL Lep z2=y 0(2)

dz 0dy 0z OJy W=2z-Xx
dL dL ody 0z 0L b=2z-1
ow 0y 0z ow 0z *
dL dL 0dy 0z 0L 1
ob 09y 0z 0b 0z



Primitive Operations

Sequence of primitive operations

Original program ty = wx
Z=t1+b

Z=wx+b ty = —z
. 1 t4=et3
y_11+e‘z ts =1+1t,
1

L==(y—t)? = —
2()’ ) y .
t6=y_t

t; = t¢

7 6

ty

Backpropagation



Computation Graph
fx1, %) = [sm )+——e‘“] [i_;_cxz]

Forward pass Reverse Pass

v_1lvg sin (v,)

/ \ /' \ijv.;

..-"‘"H- —

1"3 1'_1

https://www.youtube.com/watch?v=wG_nF1awSSY



PyTorch Example Code

* Define a neural network

torch.nn as nn

torch.nn.functional as F

class TwolLayerNet(nn.Module):
def _init_ (self, D_in, H, D_out):
Super(TwolayerNet, self). _init_ ()
selflinearl = nn.Linear(D_in, H)
selflinear2 = nn.Linear(H, D_out)
def forward(self, x):

h_relu = Frelu(selflinearl(x))

y_pred = selflinear2(h_relu)

return y_pred

D_in, H, D_out = 100, 50, 10
model = TwolayerNet(D in, H, D_out)




PyTorch Example Code

* Define the loss function and optimizer

torch.optim as optim

loss_fn = nn.CrossEntropyLoss()

optimizer = optim.SGD(model parameters(), Ir = 0.01)




PyTorch Example Code

* Train the neural network

output_batch = model(train_batch)

loss = loss_fn(output_batch, labels_batch)

optimizer.zero_grad()

loss.backward()

optimizer.step()






Example: Regression, MCycle data

* Train NN model, 2 layer

1 input feature => 1 input node

10 hidden nodes

1 target => 1 output node

Logistic sigmoid activation for hidden layer, linear for output layer

100

Data:
+

learned prediction f'n:

Responses of hidden nodes
(= features of linear regression):
select out useful regions of “x”

(c) Alexander Ihler



Example: Classification, Iris data

* Train NN model, 2 layer
e 2 input features => 2 input nodes
* 10 hidden nodes
* 3 classes => 3 output nodes (y = [0 0 1], etc.)
 Logistic sigmoid activation functions

MSE ||
Err

0.2 =

|:|'| 1 1 L1111l 1 [ 1 1 L1111l 1 I I B
11 11 110 i 110



Summary

* Neural networks, multi-layer perceptrons

« Cascade of simple perceptrons
« Each just a linear classifier
« Hidden units used to create new features

« Together, general function approximators
* Enough hidden units (features) = any function
» Can create nonlinear classifiers
 Also used for function approximation, regression, ...

 Training via backprop
» Gradient descent; logistic; apply chain rule. Building block view.

« Advanced: deep nets, conv nets, ...
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