
Approximation Algorithms



NP-Complete and NP-Hard

• NP-complete problems are decision problems that cannot be solved 
in polynomial time if 𝑃𝑃 ≠ 𝑁𝑁𝑁𝑁.

• NP-hard problems are problems that are at least as hard as NP-
complete problems.

• Optimization versions of NP-complete decision problems are NP-hard.



How to Solve NP-Hard Problems?

• Yet many important problems are NP-hard and we need to solve 
them.

• One direction is to find approximation algorithms, which do not find 
optimal solutions but instead find approximately optimal ones.

• NOTE: the focus of approximation algorithms is theoretical, devoted 
not to getting the best results in practice, but to getting the best 
provable results.



Approximation Algorithms

• For any given optimization (minimization) problem and approximation 
algorithm 𝒜𝒜 to solve it:

• Let Π = Set of all instances of the problem.
• For all instances 𝐼𝐼 ∈ Π define 𝑂𝑂𝑂𝑂𝑂𝑂(𝐼𝐼) = cost of optimal solution for 𝐼𝐼
• 𝐴𝐴(𝐼𝐼) = cost of solution produced by 𝐴𝐴 on 𝐼𝐼.

• Then if
• ∀𝐼𝐼 ∈ Π, 𝐴𝐴(𝐼𝐼)

𝑂𝑂𝑂𝑂𝑂𝑂(𝐼𝐼)
≤ 𝜌𝜌

• 𝐴𝐴 is a factor 𝜌𝜌 approximation algorithm ( 𝜌𝜌-approximation algorithm).
• Also say the approximation ratio is 𝜌𝜌



Approximation Algorithms

• For any given optimization (minimization) problem and approximation 
algorithm 𝒜𝒜 to solve it:

• Let Π = Set of all instances of the problem.
• For all instances 𝐼𝐼 ∈ Π define 𝑂𝑂𝑂𝑂𝑂𝑂(𝐼𝐼) = cost of optimal solution for 𝐼𝐼
• 𝐴𝐴(𝐼𝐼) = cost of solution produced by 𝐴𝐴 on 𝐼𝐼.

• Then if
• ∀𝐼𝐼 ∈ Π, 𝐴𝐴 𝐼𝐼

𝑂𝑂𝑂𝑂𝑂𝑂 𝐼𝐼
≤ 𝜌𝜌(𝑛𝑛)

• 𝐴𝐴 is a factor 𝜌𝜌(𝑛𝑛) approximation algorithm ( 𝜌𝜌(𝑛𝑛)-approximation algorithm).
• Also say the approximation ratio is 𝜌𝜌(𝑛𝑛)



Strategies to Design Approximation 
Algorithms
• Greedy algorithms
• Randomized algorithms
• Linear programming and randomized rounding



Greedy Algorithms



Greedy Algorithms

• A greedy algorithm works in phases. At each phase:
• You take the best you can get right now, without regard for future 

consequences
• Need to ensure feasible solution
• You hope that by choosing a local optimum at each step, you will end up at a 

global optimum



Vertex Cover

• Given an undirected graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸), 𝑆𝑆 ⊆ 𝑉𝑉 is a vertex cover if 
every edge in 𝐺𝐺 has an endpoint in 𝑆𝑆.

• Minimum Vertex Cover: Given a graph 𝐺𝐺, find the minimum vertex 
cover.

• We have proved that the decision version is NP-complete, so the 
optimization version is NP-hard.



Approximate Vertex Cover

• Consider the following algorithm:

Approximate Vertex Cover (AVC):
𝑆𝑆 ← ∅
𝐸𝐸′ ← 𝐸𝐸[𝐺𝐺]
while 𝐸𝐸′ is not empty
 let (𝑢𝑢, 𝑣𝑣) be any edge from 𝐸𝐸′
 𝑆𝑆 ← 𝑆𝑆 ∪ {𝑢𝑢, 𝑣𝑣}
 remove from 𝐸𝐸′ every edge incident with 𝑢𝑢 or 𝑣𝑣
return(𝑆𝑆)

Time complexity: 𝑂𝑂(𝑉𝑉 + 𝐸𝐸)



Approximate Vertex Cover

• Theorem: AVC is a 2-approximation algorithm for the minimum vertex 
cover problem.

• For any graph 𝐺𝐺 define
𝐴𝐴𝐴𝐴𝐴𝐴(𝐺𝐺) =  size of (# of vertices in) 𝑆𝑆, |𝑆𝑆|

𝑂𝑂𝑂𝑂𝑂𝑂(𝐺𝐺) =  size of smallest vertex cover of 𝐺𝐺. 
 Then, for all 𝐺𝐺

1 ≤
𝐴𝐴𝐴𝐴𝐴𝐴(𝐺𝐺)
𝑂𝑂𝑂𝑂𝑂𝑂(𝐺𝐺)

≤ 2



Approximate Vertex Cover

• Theorem: AVC is a 2-approximation algorithm for the minimum vertex 
cover problem.

• To prove the theorem, we need to show:
1. For any graph, AVC produces a vertex cover
2. The ratio between AVC and OPT is at most 2 
3. (optional) Give the tight example



Approximate Vertex Cover: Proof

• Step 1: No edge will be left uncovered by the end of the algorithm. 
Otherwise, E’ is not empty.

• Step 2: For each edge (𝑢𝑢, 𝑣𝑣) that is considered in AVC, at least one of 
𝑢𝑢, 𝑣𝑣 should be added into the vertex set to cover this edge. Let n be 
the number of these edges, then 𝑂𝑂𝑂𝑂𝑂𝑂 ≥ 𝑛𝑛, and we have 𝐴𝐴𝐴𝐴𝐴𝐴 = 2𝑛𝑛, 
so 𝐴𝐴𝐴𝐴𝐴𝐴

𝑂𝑂𝑂𝑂𝑂𝑂
≤ 2



Approximate Vertex Cover: Proof

• Step 3: Consider the complete bipartite graph 𝐾𝐾𝑛𝑛,𝑛𝑛



The Set Covering Problem

• Let 𝑋𝑋 be a set and ℱ a family of subsets of 𝑋𝑋 such that 𝑋𝑋 =∪𝐹𝐹∈ℱ 𝐹𝐹.
• The problem is to find a minimum-size subset 𝐶𝐶 ⊆ ℱ that covers 𝑋𝑋, 

i.e., 𝑋𝑋 =∪𝐹𝐹∈𝒞𝒞 𝐹𝐹.
• For example, 𝑋𝑋 = {1,2,3,4,5,6} and ℱ contains the subsets

• 𝐹𝐹1 = {1,5}
• 𝐹𝐹2 = {2,3,6}
• 𝐹𝐹3 = {2,5,6}
• 𝐹𝐹4 = {1,4}
• 𝐹𝐹5 = {2,3,4,6}

• 𝐹𝐹1,𝐹𝐹2,𝐹𝐹4  covers 𝑋𝑋 but is not a minimal size solution.
• 𝐹𝐹1,𝐹𝐹5  is a minimal size solution.



The Set Covering Problem

• Finding a minimal size set cover is a NP-Hard problem.
• Its decision version is NP-complete.
• It can be shown that Vertex Cover ≤𝑝𝑝 Set Cover



A Greedy Set Cover Algorithm

• Consider following algorithm

Greedy Set Cover (GSC):
𝑈𝑈 ← 𝑋𝑋 
𝐶𝐶 ← ∅
while 𝑈𝑈 ≠ ∅
 select a 𝐹𝐹 ∈ ℱ that maximizes 𝐹𝐹 ∩ 𝑈𝑈
 𝑈𝑈 ← 𝑈𝑈 − 𝐹𝐹
 𝐶𝐶 ← 𝐶𝐶 ∪ {𝐹𝐹}
return (𝐶𝐶)

Time complexity: 𝑂𝑂 𝑋𝑋 ⋅ ℱ ⋅ 𝑋𝑋



Greedy Set Cover: Proof

• Theorem: GSC is an 𝐻𝐻𝑛𝑛-approximation algorithm for the set covering 
problem, where 𝐻𝐻𝑛𝑛 = 1 + 1

2
+ 1

3
+ ⋯+ 1

𝑛𝑛
.

• Step 1: The output of GSC is a set cover of 𝑋𝑋.



Greedy Set Cover: Proof

• Step 2: Prove the approximation ratio 𝐻𝐻𝑛𝑛.
• Number the elements of 𝑈𝑈 in the order in which they were covered by GSC, 

resolving ties arbitrarily. Let 𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛 be this numbering.
• Define the price of an element to be the average cost at which it is covered, 

i.e., 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑒𝑒𝑘𝑘 =
1

# of new elements covered in this iteration

• So GSC select the set that minimizes the price at each iteration.
• Lemma:

𝐶𝐶 = �
𝑘𝑘=1

𝑛𝑛

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑒𝑒𝑘𝑘)



Greedy Set Cover: Proof

• Lemma: For each 𝑘𝑘 ∈ 1, … ,𝑛𝑛 ,

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑒𝑒𝑘𝑘 ≤
𝑂𝑂𝑂𝑂𝑂𝑂

𝑛𝑛 − 𝑘𝑘 + 1
• Proof: 

• In any iteration, the left-over sets of the optimal solution can cover the 
remaining elements at a cost of at most OPT.

• If we select these sets in any order, the average price of each remaining 
element would be 𝑂𝑂𝑂𝑂𝑂𝑂

𝑈𝑈
. This means the set selected by GSC should have price 

at most 𝑂𝑂𝑂𝑂𝑂𝑂
𝑈𝑈

.

• In the iteration in which 𝑒𝑒𝑘𝑘 was covered, 𝑈𝑈 ≥ 𝑛𝑛 − 𝑘𝑘 + 1.
• As a result, 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑒𝑒𝑘𝑘 ≤ 𝑂𝑂𝑂𝑂𝑂𝑂

𝑈𝑈
≤ 𝑂𝑂𝑂𝑂𝑂𝑂

𝑛𝑛−𝑘𝑘+1
.



Greedy Set Cover: Proof

𝐶𝐶 = �
𝑘𝑘=1

𝑛𝑛

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑒𝑒𝑘𝑘) ≤ �
𝑘𝑘=1

𝑛𝑛
𝑂𝑂𝑂𝑂𝑂𝑂

𝑛𝑛 − 𝑘𝑘 + 1
= 1 +

1
2

+ ⋯+
1
𝑛𝑛

⋅ 𝑂𝑂𝑂𝑂𝑂𝑂



Greedy Set Cover: Proof

• Step 3: The approximation ratio is tight (example skipped).



Real-World Example



Randomized Algorithms



Quick Review of Probability Theory

• A random variable is a real number that is the outcome of a random 
event. 

• For example, 𝑋𝑋 can be the number of spots showing after throwing a dice.
• The expectation of 𝑋𝑋 is

𝐸𝐸[𝑋𝑋] = �
𝑖𝑖

𝑖𝑖 ⋅ Pr(𝑋𝑋 = 𝑖𝑖) = �  𝛼𝛼𝑓𝑓𝑋𝑋(𝛼𝛼)𝑑𝑑𝑑𝑑

• Some basic facts:
• If 𝑋𝑋 and 𝑌𝑌 are any two random variables then 𝐸𝐸[𝑋𝑋 + 𝑌𝑌] = 𝐸𝐸[𝑋𝑋] + 𝐸𝐸[𝑌𝑌].
• If 𝑐𝑐 is any number then 𝐸𝐸[𝑐𝑐𝑐𝑐] = 𝑐𝑐𝑐𝑐[𝑋𝑋].
• If 𝑋𝑋 and 𝑌𝑌 are independent then 𝐸𝐸[𝑋𝑋𝑋𝑋] = 𝐸𝐸[𝑋𝑋] ⋅ 𝐸𝐸[𝑌𝑌].



Example

Throw two dice. Let 𝑋𝑋 and 𝑌𝑌 be the respective number of spots 
showing on each of them.

𝐸𝐸 𝑋𝑋 = 𝐸𝐸 𝑌𝑌 = �
𝑖𝑖=1

6

𝑖𝑖 ⋅ Pr(𝑋𝑋 = 𝑖𝑖) = �
𝑖𝑖=1

6
𝑖𝑖
6

=
7
2

.

Therefore the expected sum of the two dice’s spots is

𝐸𝐸[𝑋𝑋 + 𝑌𝑌] = 𝐸𝐸[𝑋𝑋] + 𝐸𝐸[𝑌𝑌] =
7
2

+
7
2

= 7. 

Since 𝑋𝑋 and 𝑌𝑌 are independent

𝐸𝐸[𝑋𝑋𝑋𝑋] = 𝐸𝐸[𝑋𝑋] ⋅ 𝐸𝐸[𝑌𝑌] =
7
2
⋅

7
2

=
49
4



Example

Now define

𝐴𝐴 = �1 𝑋𝑋 is even 
0 𝑋𝑋 is odd 

,  𝐵𝐵 = �0 𝑋𝑋 is even 
1 𝑋𝑋 is odd 

Calculation shows that 𝐸𝐸[𝐴𝐴] = 𝐸𝐸[𝐵𝐵] = 1
2
,

𝐴𝐴 + 𝐵𝐵 = 1 and 𝐴𝐴𝐴𝐴 = 0.
Notice

𝐸𝐸[𝐴𝐴 + 𝐵𝐵] = 1 =
1
2

+
1
2

= 𝐸𝐸[𝐴𝐴] + 𝐸𝐸[𝐵𝐵]
but

𝐸𝐸[𝐴𝐴𝐴𝐴] = 0 ≠
1
4

=
1
2
⋅

1
2

= 𝐸𝐸[𝐴𝐴] ⋅ 𝐸𝐸[𝐵𝐵].
This is because 𝐴𝐴 and 𝐵𝐵 are not independent.



Indicator Random Variables

• Let 𝑊𝑊 be some event. The indicator random variable of 𝑊𝑊 is the 
function

𝐼𝐼𝑊𝑊 = �1 if 𝑊𝑊 happens 
0  if 𝑊𝑊 does not happen 

• For example. Suppose we throw a dice and let 𝑋𝑋 be the number of 
spots that show. 𝑊𝑊 could be the event "𝑋𝑋 is even". Then

𝐼𝐼𝑊𝑊 = �1 𝑋𝑋 is even 
0 𝑋𝑋 is odd 

• The important fact about indicator random variables is
𝐸𝐸 𝐼𝐼𝑊𝑊 = Pr(𝑊𝑊 happens ). 



Example

• Let 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) be a complete graph with 𝑉𝑉 = {1, … ,𝑛𝑛}. Now pick a 
subset 𝑆𝑆 ⊆ 𝑉𝑉 at random using the following procedure.

• What is the expected number of edges in the cut 𝛿𝛿(𝑆𝑆) = (𝑆𝑆,𝑉𝑉 −
𝑆𝑆) = {(𝑢𝑢, 𝑣𝑣):𝑢𝑢 ∈ 𝑆𝑆, 𝑣𝑣 ∈ 𝑉𝑉 − 𝑆𝑆}?

𝑆𝑆 = ∅.
For 𝑖𝑖 = 1 to 𝑛𝑛 do

Flip a fair coin. If "heads", set 𝑆𝑆 = 𝑆𝑆 ∪ {𝑖𝑖}.



Example

Define
𝐼𝐼𝑖𝑖,𝑗𝑗 = �1  if 𝑖𝑖 ∈ 𝑆𝑆 and 𝑗𝑗 ∉ 𝑆𝑆 or 𝑗𝑗 ∈ 𝑆𝑆 and 𝑖𝑖 ∉ 𝑆𝑆

0  otherwise 
.

Then

𝛿𝛿(𝑆𝑆) = �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝐼𝐼𝑖𝑖,𝑗𝑗

Note that

𝐸𝐸 𝐼𝐼𝑖𝑖,𝑗𝑗 = Pr 𝑖𝑖 ∈ 𝑆𝑆 and 𝑗𝑗 ∉ 𝑆𝑆 + Pr 𝑗𝑗 ∈ 𝑆𝑆 and 𝑖𝑖 ∉ 𝑆𝑆 =
1
4

+
1
4

=
1
2

so

𝐸𝐸[𝛿𝛿(𝑆𝑆)] = �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝐸𝐸 𝐼𝐼𝑖𝑖,𝑗𝑗 = �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

1
2

=
𝑛𝑛(𝑛𝑛 − 1)

4



Max Cut

• Max Cut: Given a weighted complete graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) and find a cut 
𝛿𝛿 𝑆𝑆 , 𝑆𝑆 ⊆ 𝑉𝑉 with maximum value. The value of a cut 𝛿𝛿(𝑆𝑆) is defined 
to be

𝛿𝛿(𝑆𝑆) = �
(𝑢𝑢,𝑣𝑣):𝑢𝑢∈𝑆𝑆,𝑣𝑣∈𝑉𝑉−𝑆𝑆

𝑤𝑤(𝑢𝑢, 𝑣𝑣).



A Randomized Approximation Algorithm for 
Max Cut
• Consider the previous procedure as a randomized approximation 

algorithm

• Let OPT be the value of an optimal cut

• Theorem: 𝐸𝐸[𝛿𝛿(𝑆𝑆)] ≥ 𝑂𝑂𝑂𝑂𝑂𝑂
2

Random Max Cut
𝑆𝑆 = ∅.
For 𝑖𝑖 = 1 to 𝑛𝑛 do

Flip a fair coin. If "heads", set 𝑆𝑆 = 𝑆𝑆 ∪ {𝑖𝑖}.



A Randomized Approximation Algorithm for 
Max Cut
Proof: Let 𝐼𝐼𝑖𝑖,𝑗𝑗 be defined in the previous example. Then

𝛿𝛿(𝑆𝑆) = �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝑤𝑤(𝑖𝑖, 𝑗𝑗)𝐼𝐼𝑖𝑖,𝑗𝑗 .

Therefore
𝐸𝐸[𝛿𝛿(𝑆𝑆)]  = 𝐸𝐸 �

1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝑤𝑤(𝑖𝑖, 𝑗𝑗)𝐼𝐼𝑖𝑖,𝑗𝑗

 = �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝑤𝑤(𝑖𝑖, 𝑗𝑗)𝐸𝐸 𝐼𝐼𝑖𝑖,𝑗𝑗

 =
1
2 �
1≤𝑖𝑖<𝑗𝑗≤𝑛𝑛

𝑤𝑤(𝑖𝑖, 𝑗𝑗)

≥
1
2𝑂𝑂𝑂𝑂𝑂𝑂.



The MAX SAT problem

• Let 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 be BOOLEAN variables. These variables are set to be either 
TRUE (T) or FALSE (F). A variable 𝑥𝑥𝑖𝑖 is T if and only if its negation ‾𝑥𝑥𝑖𝑖 is F and 
vice-versa.

• A clause is the disjunction of boolean variables and their negations, e.g., 
𝑥𝑥1 ∨ ‾𝑥𝑥3 ∨ 𝑥𝑥4.

• Given a truth assignment for the 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 a clause is satisfied if at least 
one of its elements is T. For example, 𝑥𝑥1 ∨ ‾𝑥𝑥3 ∨ 𝑥𝑥4 is satisfied if 𝑥𝑥1 =
𝑇𝑇, 𝑥𝑥3 = 𝐹𝐹 or 𝑥𝑥4 = 𝑇𝑇.

• Given 𝑛𝑛 boolean variables, 𝑚𝑚 clauses 𝐶𝐶𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑚𝑚 over those variables 
and a weight 𝑤𝑤𝑖𝑖 ≥ 0 for each clause the 𝑀𝑀𝑀𝑀𝑀𝑀 𝑆𝑆𝑆𝑆𝑆𝑆 problem is to find a 
truth assignment for the variables that maximizes the total weight of the 
clauses satisfied. This problem is NP hard.



Randomized Algorithm for MAX SAT

• Consider following algorithm

• Theorem: Let 𝑂𝑂𝑂𝑂𝑂𝑂 be the weight of the optimal assignment and 𝑊𝑊 
the weight of the random assignment. Then

𝐸𝐸[𝑊𝑊] ≥
𝑂𝑂𝑂𝑂𝑂𝑂

2
. 

Random MAX SAT
For 𝑖𝑖 = 1 to 𝑛𝑛 do

Flip a fair coin.
If “heads”, set 𝑥𝑥𝑖𝑖 = 𝑇𝑇.

else set 𝑥𝑥𝑖𝑖 = 𝐹𝐹.



Randomized Algorithm for MAX SAT
Proof: Set

𝐼𝐼𝑗𝑗 = �1  if 𝐶𝐶𝑗𝑗 is satisfied 
0  otherwise 

.

Let 𝑙𝑙𝑗𝑗  be the number of variables in 𝐶𝐶𝑗𝑗. Then

𝐸𝐸[𝑊𝑊]  = 𝐸𝐸 �
𝑗𝑗

𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗𝐸𝐸 𝐼𝐼𝑗𝑗

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗Pr 𝐶𝐶𝑗𝑗 is satisfied 

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗 1 − 2−𝑙𝑙𝑗𝑗

 ≥
1
2
�
𝑗𝑗

𝑤𝑤𝑗𝑗

 ≥
1
2
𝑂𝑂𝑂𝑂𝑂𝑂



An Aside

• MAX 3SAT is the version of MAX SAT in which every clause 𝐶𝐶𝑗𝑗  has 
exactly three variables in it, i.e. ∀𝑗𝑗, 𝑙𝑙𝑗𝑗 = 3.

• A theorem says that if there is an approximation algorithm that 
always returns a solution to the MAX 3SAT that is > 7

8
𝑂𝑂𝑂𝑂𝑂𝑂 then 𝑃𝑃 =

𝑁𝑁𝑁𝑁.
• Note that the simple algorithm on the previous page actually returns 

an assignment whose expectation is ≥ 7
8
𝑂𝑂𝑂𝑂𝑂𝑂 when ∀𝑗𝑗, 𝑙𝑙𝑗𝑗 = 3. Thus, 

in some sense, it is a best possible approximation algorithm for MAX 
3SAT.



Derandomization



Review of Conditional Probabilities and 
Expectation
• The Probability of 𝑋𝑋 conditioned on 𝐴𝐴 is

Pr(𝑋𝑋 ∣ 𝐴𝐴) =
Pr(𝑋𝑋 ∩ 𝐴𝐴)

Pr(𝐴𝐴)
.

• Example: Roll two dice and let 𝑋𝑋 and 𝑌𝑌 be the respective number of 
dots they show. Then

Pr(𝑋𝑋 + 𝑌𝑌 = 9 ∣ 𝑌𝑌 is even )  =
Pr(𝑋𝑋 + 𝑌𝑌 = 9 and 𝑌𝑌 ∈ {2,4,6})

Pr(𝑌𝑌 ∈ {2,4,6})

 =
Pr((𝑋𝑋,𝑌𝑌) ∈ {(5,4), (3,6)})

1/2

 =
2/36
1/2

=
1
9

.



Review of Conditional Probabilities and 
Expectation
• Some basic formulas are 

𝐸𝐸(𝑋𝑋 ∣ 𝐴𝐴) = �
𝑖𝑖

𝑖𝑖 ⋅ Pr(𝑋𝑋 = 𝑖𝑖 ∣ 𝐴𝐴)

• and
𝐸𝐸(𝑋𝑋) = 𝐸𝐸(𝑋𝑋 ∣ 𝐴𝐴) ⋅ Pr(𝐴𝐴) + 𝐸𝐸(𝑋𝑋 ∣ ‾𝐴𝐴) ⋅ Pr( ‾𝐴𝐴)

where ‾𝐴𝐴 is the event " 𝐴𝐴 does not happen" which has Pr( ‾𝐴𝐴) = 1 − Pr(𝐴𝐴).
• Example: For the dice example above 

𝐸𝐸(𝑋𝑋 + 𝑌𝑌 ∣ 𝑌𝑌 is even ) = �
𝑖𝑖

𝑖𝑖 ⋅ Pr(𝑥𝑥 + 𝑦𝑦 = 𝑖𝑖 ∣ 𝑌𝑌 is even )

𝐸𝐸(𝑋𝑋 + 𝑌𝑌) = 𝐸𝐸(𝑋𝑋 + 𝑌𝑌 ∣ 𝑌𝑌 is even) ⋅ Pr(𝑌𝑌 is even) + 𝐸𝐸(𝑋𝑋 + 𝑌𝑌
∣ 𝑌𝑌 is odd) ⋅ Pr(𝑌𝑌 is odd)



Review of Conditional Probabilities and 
Expectation
• Another Example: 𝐶𝐶 = 𝑥𝑥1 ∨ 𝑥𝑥2 ∨ ‾𝑥𝑥3 and 𝑆𝑆 a "random" truth assignment for the 𝑥𝑥𝑖𝑖 as described 

before.

Pr 𝐶𝐶 satisfied ∣ 𝑥𝑥1 = 𝐹𝐹  =
Pr 𝑥𝑥1 ∨ 𝑥𝑥2 ∨ ‾𝑥𝑥3 satisfied and 𝑥𝑥1 = 𝐹𝐹

Pr 𝑥𝑥1 = 𝐹𝐹

 =
Pr 𝑥𝑥2 ∨ ‾𝑥𝑥3 satisfied and 𝑥𝑥1 = 𝐹𝐹

Pr 𝑥𝑥1 = 𝐹𝐹

 =
Pr 𝑥𝑥2 ∨ ‾𝑥𝑥3 satisfied ⋅ Pr 𝑥𝑥1 = 𝐹𝐹

Pr 𝑥𝑥1 = 𝐹𝐹
 = Pr 𝑥𝑥2 ∨ ‾𝑥𝑥3 satisfied 

 = 1 −
1
2

2

 =
3
4

.



Review of Conditional Probabilities and 
Expectation
But

Pr 𝐶𝐶 satisfied ∣ 𝑥𝑥1 = 𝑇𝑇  =
Pr 𝑥𝑥1 ∨ 𝑥𝑥2 ∨ ‾𝑥𝑥3 satisfied and 𝑥𝑥1 = 𝑇𝑇

Pr 𝑥𝑥1 = 𝑇𝑇

 =
Pr 𝑥𝑥1 = 𝑇𝑇
Pr 𝑥𝑥1 = 𝑇𝑇

 = 1.



Derandomization of the MAX SAT Algorithm

• Let 𝐼𝐼 be an instance of MAX SAT, 𝑆𝑆 a "random assignment" and 𝑊𝑊 the 
weight of this random assignment. 

• Recall that

𝐸𝐸(𝑊𝑊) = �
𝑗𝑗

𝑤𝑤𝑗𝑗𝑃𝑃𝑃𝑃 𝐶𝐶𝑗𝑗  satisfied by 𝑆𝑆

• The notation 𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘  will mean the expected value of 𝑊𝑊 
conditioned on the truth assignment of 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘 being given. 

• By linearity of expectation we have

𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘 = �
𝑗𝑗

𝑤𝑤𝑗𝑗Pr 𝐶𝐶𝑗𝑗 satisfied by 𝑆𝑆 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘

• where the probabilities are conditioned on the truth assignment of 
𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘 being given.



Derandomization of the MAX SAT Algorithm

• A deterministic algorithm for constructing a truth assignment 𝑆𝑆 such 
that the weight associated with 𝑆𝑆 satisfies 𝑊𝑊 ≥ 𝑂𝑂𝑂𝑂𝑂𝑂

2
.

DeRandomized MAX SAT
For 𝑘𝑘 = 1 to 𝑛𝑛 do

Calculate 𝑊𝑊𝑇𝑇 = 𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1, 𝑥𝑥𝑘𝑘 = 𝑇𝑇
Calculate 𝑊𝑊𝐹𝐹 = 𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1, 𝑥𝑥𝑘𝑘 = 𝐹𝐹
if 𝑊𝑊𝑇𝑇 ≥ 𝑊𝑊𝐹𝐹

set 𝑥𝑥𝑘𝑘 = 𝑇𝑇
else set 𝑥𝑥𝑘𝑘 = 𝐹𝐹

Return variable setting 𝑆𝑆.



Derandomization of the MAX SAT Algorithm

• Proof: For all 0 < 𝑘𝑘 ≤ 𝑛𝑛
𝐸𝐸 𝑊𝑊 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1
=

1
2
𝐸𝐸 𝑊𝑊 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1, 𝑥𝑥𝑘𝑘 = 𝑇𝑇 +

1
2
𝐸𝐸 𝑊𝑊 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1, 𝑥𝑥𝑘𝑘 = 𝐹𝐹  

• Notice that after setting 𝑥𝑥𝑘𝑘 we must have (why?)
𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘−1 ≤ 𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑘𝑘 .

• This implies that
𝑂𝑂𝑂𝑂𝑂𝑂

2
≤ 𝐸𝐸(𝑊𝑊) ≤ 𝐸𝐸 𝑊𝑊 ∣ 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛

• So the truth assignment given by this deterministic algorithm is also a 1
2
 

approximation of OPT.



MAX-SAT and 𝑝𝑝-Biased Coins

• A 𝑝𝑝-biased coin is one that, for 1
2
≤ 𝑝𝑝 ≤ 1, has

• Pr( Heads ) = 𝑝𝑝,  Pr( Tails ) = 1 − 𝑝𝑝.

• Theorem: Let OPT be the optimal solution and 𝑊𝑊 the solution returned by 𝜙𝜙-biased 
random MAX SAT, then

𝐸𝐸[𝑊𝑊] ≥ 𝜙𝜙 ⋅ 𝑂𝑂𝑂𝑂𝑂𝑂
where 𝜙𝜙 is equal to min 𝑝𝑝, 1 − 𝑝𝑝2  (with maximum ≈ 0.618 achieved at 𝑝𝑝 = 1 − 𝑝𝑝2)

𝑝𝑝-biased random MAX SAT
For 𝑖𝑖 = 1 to 𝑛𝑛 do

Flip a 𝑝𝑝-biased coin.
If “heads”, set 𝑥𝑥𝑖𝑖 = 𝑇𝑇

else set 𝑥𝑥𝑖𝑖 = 𝐹𝐹
Return variable setting 𝑆𝑆.



MAX-SAT and 𝑝𝑝-Biased Coins

• Lemma: If 𝑝𝑝 ≥ 1
2
 and 𝐶𝐶 is a clause that is not of the form "single 

variable negated" ‾𝑥𝑥𝑖𝑖  then
Pr(𝐶𝐶 is satisfied by 𝑆𝑆) ≥ min 𝑝𝑝, 1 − 𝑝𝑝2

• Proof: Let 𝑙𝑙 be the number of variables in 𝐶𝐶.
• If 𝑙𝑙 = 1 then 𝐶𝐶 = 𝑥𝑥𝑖𝑖 for some 𝑖𝑖 and

Pr(𝐶𝐶 is satisfied by 𝑆𝑆) = Pr 𝑥𝑥𝑖𝑖 = 𝑇𝑇 = 𝑝𝑝. 
• If 𝑙𝑙 > 1 let 𝑛𝑛 be the number of variables that appear negated in 𝐶𝐶. 

Then 𝑙𝑙 − 𝑛𝑛 is the number that do not appear negated and
Pr(𝐶𝐶 is satisfied by 𝑆𝑆) = 1 − 𝑝𝑝𝑛𝑛(1 − 𝑝𝑝)𝑙𝑙−𝑛𝑛 ≥ 1 − 𝑝𝑝𝑙𝑙 ≥ 1 − 𝑝𝑝2.



MAX-SAT and 𝑝𝑝-Biased Coins
• Lemma: Given an instance of MAX-SAT in which every length 1 clause is not negated. Then

𝐸𝐸[𝑊𝑊] ≥ 𝜙𝜙 ⋅ 𝑂𝑂𝑂𝑂𝑂𝑂
• Proof: Set

𝐼𝐼𝑗𝑗 = �1 if 𝐶𝐶𝑗𝑗 is satisfied by 𝑆𝑆
0 otherwise 

• Then 𝐸𝐸[𝑊𝑊]  = 𝐸𝐸 �
𝑗𝑗

𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗𝐸𝐸 𝐼𝐼𝑗𝑗

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗Pr 𝐶𝐶𝑗𝑗 is satisfied by 𝑆𝑆

 ≥�
𝑗𝑗

𝑤𝑤𝑗𝑗 min 𝑝𝑝, 1 − 𝑝𝑝2

 = 𝜙𝜙�
𝑗𝑗

𝑤𝑤𝑗𝑗

 ≥ 𝜙𝜙 ⋅ 𝑂𝑂𝑂𝑂𝑂𝑂.



MAX-SAT and 𝑝𝑝-Biased Coins

• The result on the previous page can be improved to work for all 
instances of MAX-SAT, even those that contain length one clauses that 
are negated variables.

• Let 𝐼𝐼 be our instance of MAX-SAT. First suppose that variable 𝑥𝑥𝑖𝑖 
appears in some length one negated clause, 𝐶𝐶𝑗𝑗 = ‾𝑥𝑥𝑖𝑖, but does not 
appear in any length one non-negated clause as 𝐶𝐶𝑗𝑗′ = 𝑥𝑥𝑖𝑖. We then 
introduce a new variable 𝑢𝑢𝑖𝑖 and replace every ‾𝑥𝑥𝑖𝑖 in 𝐼𝐼 by 𝑢𝑢𝑖𝑖 and every 
instance of 𝑥𝑥𝑖𝑖 in 𝐼𝐼 by ‾𝑢𝑢𝑖𝑖. We can then solve this new instance of MAX-
SAT without worrying about the negated length one clause 𝐶𝐶𝑗𝑗  
(solutions to the original problem are in one-to-one correspondence 
to solutions to the new problem).



MAX-SAT and 𝑝𝑝-Biased Coins
• The only hard case to deal with is when 𝑥𝑥𝑖𝑖  appears both as negated clause 𝐶𝐶𝑗𝑗′ = ‾𝑥𝑥𝑖𝑖  and non-negated clause 𝐶𝐶𝑗𝑗 = 𝑥𝑥𝑖𝑖 .

• We may assume that 𝑤𝑤𝑗𝑗 ≥ 𝑤𝑤𝑗𝑗′ (why?)

• For all 𝑖𝑖, if ‾𝑥𝑥𝑖𝑖  exists as its own clause let 𝑣𝑣𝑖𝑖 = wt of ‾𝑥𝑥𝑖𝑖. Otherwise 𝑣𝑣𝑖𝑖 = 0.

• Since a truth assignment can only satisfy one of 𝑥𝑥𝑖𝑖  and ‾𝑥𝑥𝑖𝑖  we have

𝑂𝑂𝑂𝑂𝑂𝑂 ≤�
𝑗𝑗

𝑤𝑤𝑗𝑗 −�
𝑖𝑖

𝑣𝑣𝑖𝑖 .

• Then 𝐸𝐸[𝑊𝑊]  = 𝐸𝐸 �
𝑗𝑗

𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗

 = �
𝑗𝑗

𝑤𝑤𝑗𝑗Pr 𝐶𝐶𝑗𝑗  is satisfied by 𝑆𝑆

 ≥ �
𝑗𝑗,∀𝑖𝑖,𝐶𝐶𝑗𝑗≠ ‾𝑥𝑥𝑖𝑖

𝑤𝑤𝑗𝑗Pr 𝐶𝐶𝑗𝑗  is satisfied by 𝑆𝑆

 ≥ �
𝑗𝑗,∀𝑖𝑖,𝐶𝐶𝑗𝑗≠ ‾𝑥𝑥𝑖𝑖

𝜙𝜙𝑤𝑤𝑗𝑗

= 𝜙𝜙 ⋅ �
𝑗𝑗

𝑤𝑤𝑗𝑗 −�
𝑖𝑖

𝑣𝑣𝑖𝑖

 ≥ 𝜙𝜙 ⋅ 𝑂𝑂𝑂𝑂𝑂𝑂.
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