
CSCE 52803: Assignment 4 
Due 11:59 pm Saturday, October 24, 2026 

1 Neural Networks and Backpropagation 

Consider a neural network with one 𝑚𝑚-dimensional hidden layer: 

ℎ = ReLU(𝑊𝑊𝑊𝑊 + 𝑏𝑏),  𝑦𝑦� = 𝜎𝜎(𝑣𝑣⊤ℎ + 𝑐𝑐), 

where 𝑥𝑥 ∈ ℝ𝑑𝑑  is an input column vector, 𝑊𝑊 ∈ ℝ𝑚𝑚×𝑑𝑑 is the parameter matrix, 𝑏𝑏, ℎ, 𝑣𝑣 ∈ ℝ𝑚𝑚, 𝑦𝑦 ∈ {0,1} is the 
true label,  𝑦𝑦� ∈ (0,1) is the predicted probability, and 𝜎𝜎 is the sigmoid function and the loss is binary 
cross-entropy: 

𝐿𝐿 = −𝑦𝑦log𝑦𝑦� − (1 − 𝑦𝑦)log(1 − 𝑦𝑦�). 
1. Explain why backpropagation is an application of the chain rule. 
2. Derive ∂𝐿𝐿/ ∂𝑣𝑣 and ∂𝐿𝐿/ ∂𝑊𝑊.  

 

2 Message Passing in Graph Neural Networks 

 

Consider an undirected graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) where 𝑉𝑉 = {1,2,3,4} and 𝐸𝐸 = {{1,2}, {1,3}, {2,3}, {3,4}}. A 
Message-Passing Neural Network (MPNN) updates each node embedding as 

ℎ𝑣𝑣
(𝑘𝑘+1) = ReLU�𝑊𝑊selfℎ𝑣𝑣

(𝑘𝑘) + 𝑊𝑊nbr � ℎ𝑢𝑢
(𝑘𝑘)

𝑢𝑢∈𝑁𝑁(𝑣𝑣)

�. 

The initial node embeddings are 

ℎ𝑣𝑣
(0) = [1,2,3]⊤ for every 𝑣𝑣  𝑊𝑊self = �

1 0 0
0 1 0
0 0 1

�       𝑊𝑊nbr = �
0 1 0
0 0 1
1 0 0

�. 

1. Compute the node embeddings after one message-passing layer. 
2. Compute the embeddings after two layers. 
3. Explain why a 𝑘𝑘-layer GNN with local message passing uses information from at most 𝑘𝑘 hops 

away. Assume the initial features contain only local node information. 



3 Expressive Limitations of GNNs 

 

Consider two undirected graphs: Graph A is the cycle 𝐶𝐶6, and Graph B consists of two disjoint triangles. All 
six nodes in each graph have the same initial node embedding, which is also identical across the two 
graphs. Consider 

ℎ𝑣𝑣
(𝑘𝑘+1) = 𝜙𝜙�ℎ𝑣𝑣

(𝑘𝑘), � 𝜓𝜓
𝑢𝑢∈𝑁𝑁(𝑣𝑣)

�ℎ𝑢𝑢
(𝑘𝑘)��, 

where the functions are shared across nodes and the same model parameters are used for both graphs. 
1. Show that all nodes in both graphs have identical embeddings after any number of layers. 
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